Abstruct-Acoustic noise in the switched reluctance motor (SRM) is caused primarily by the deformation of the stator lamination stack. Acoustic noise is most severe when the periodic excitation of the SRM phases excites a natural vibration mode of the stack. The natural vibration modes and frequencies of a four-phase, 8/6 SRM are examined. Structural finite element analysis is used to compute the natural modes and frequencies. Impulse tests on the stator stack verify the calculations and show which modes are excited. Heuristic arguments are developed to predict the operating conditions that will excite the natural modes. Measurement of vibration while the machine is under load shows which operating conditions excite the natural modes and verifies the predictions. An approximate formula is derived to predict the frequency of the fundamental vibration mode in terms of lamination dimensions and material properties. The formula is validated by comparison with finite element calculations for several laminations, and hence is shown to be useful in design trade-off studies.
I. INTRODUCTION

A. History of Noise in the SR Motor
LTHOUGH patented in 1972 [l] , the switched reluctance A motor (SRM) did not become prominent in research and development until after Lawrenson's seminal paper of 1980 [2] , and it is only in recent years that serious attempts have been made to analyze its acoustic noise and to reduce it to an acceptable level. During the 1980's a small number of commercial SR products-and an even larger number of laboratory prototypes-gave rise to a widespread perception that the SRM is "inherently noisy". Along with this perception was the related impression that the SRM has inherently high torque ripple.
Although there is plenty of anecdotal evidence to suggest that the SRM is noisy and has high torque ripple, it is easy to forget that noise and torque ripple are present in ample quantities in single-phase induction motors, universal ac commutator motors, stepper motors, and some inverter-fed induction motors; and that effective solutions have taken a long time to develop, if they have developed at all. At the same time, there is nothing to prove that the SRM cannot be made acceptably smooth and quiet, and since research on the SRM is clearly far from exhausted, it would be premature to dismiss it on grounds of excessive noise.
The first systematic study of SRh4 noise was published by Cameron, Lang, and Umans [3] . They used basic engineering theory and a series of carefully designed experiments to show that the main sources of noise are the "ovalization" or modal deflection of the stator back-iron as a ring, and the lateral rocking of the stator poles. This study pointed out the importance of resonant vibratory modes, so that the use of the counter-excitation principle by Wu and Pollack
[4] appeared to be both rational and timely. Wu and Pollack showed that greater noise suppression could be achieved by half-cycle counter-excitation at the turn-off angle in each phase, than at the turn-on angle. Other ameliorative control measures were studied by other authors, not only in connection with acoustic noise but also to minimize torque ripple: see, for example, Blaabjerg [5] , le Chenadec [6] . Most of these authors concerned themselves with current waveshaping or other modifications of the electronic control strategy, and few of them gave much guidance in the basic mechanical design of the SRM.
The origin of acoustic noise within electric motors is an old topic, and indeed the nature and origin of the noise-and torque-producing forces has been central in the development of SR theory since the earliest times (see, for example, J. V. Byrne [7] and more recently, Takayama @I). Most early works were concerned with maximizing the torque per ampere-possibly even by methods that would inadvertently maximize the noise level. A survey of noise sources within the SRM was published by Hendershot [9] , and an experimental and theoretical evaluation of radial forces, including unbalanced forces, was published by Miller [lo] . Besbes et al. [13] calculated magnetic forces and mechanical frequencies in the stator of a three-phase 6/8 SRM and verified the calculations by experiment. A practical procedure for calculating the stator radial vibration of hybrid stepping motors was published by So et al. [ll] ; this method could readily be adapted to the SRM. Although So used force distributions calculated from basic geometry and winding and electromagnetic parameters, the "transfer mobility spectra" which he used to represent the mechanical compliance and resonances were measured, and he gave no indication of how to calculate them.
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B. Overview
This paper describes an analytical and experimental study of the vibration and acoustic noise in a 4-phase, 816 switched reluctance motor. Structural finite element analysis (FEA) is used to predict the mode shapes and frequencies of stator vibration and heuristic arguments are developed to indicate which operating conditions will excite the different modes. Experimental results validate the predictions, both for mode shape and frequency, and for the operating conditions that excite the natural modes. An approximate formula is derived to predict the frequency of the dominant vibration mode as a function of lamination dimensions and material properties. The formula is validated by comparison with finite element calculations and with experiment. The formula may be used in design trade-off studies to assess the noise impact of design modifications.
NATURAL VIBRATION MODES OF THE 4-PHASE MOTOR
A. Calculation of Mode Shapes
The subject of the present study is a four-phase, eight-statorpole, six-rotor-pole SRM, sized for a NEMA 56 frame. The stator lamination is a rounded octagon, with a mean outside diameter of 159.5 mm, yoke thickness 16.5 mm, and bore diameter 83 mm.
Mode shapes and resonant frequencies were computed with the ALGOR FEA program on a '486 PC. The goal of the modeling was the calculation of the set of eigenmodes in which the laminations move in unison in the plane of the lamination. Eigenmodes of the lamination stack in which the adjacent laminations would move against each other, such as twisting of the poles about an axis in the lamination plane, were excluded from consideration. For this reason the lamination was modeled from two-dimensional (2-D) elements, whose deflection is constrained to in-plane motion. The authors of 131 showed that the vibrations were fairly uniform along the length of the stator stack, hence a 2-D analysis is justified. Material parameters are density p = 7866 kgm/m3, elasticity E = 207 GPa, and Poisson's ratio U = 0.3.
The computed mode shapes are presented graphically in Fig. l(a)-(i) , which shows the first nine eigenmodes and their associated frequencies. The normal outline of the lamination is shown in a dashed line for reference in each illustration.
B. Excitation of Natural Modes
Normal SRM operation is characterized by large radial forces on opposite poles, which tend to deform the stator into an oval. A vibration mode will be excited when the radial forces on the stator poles coincide with the natural vibration. Three modes are characterized by such opposite radial motion of opposite poles. These modes are the secondorder cylindrical mode shown in Fig. l(a) , the fourth order mode shown in Fig. l(d) , and the uniform radial mode of Fig. l(e) . Cameron et al. [3] found that these modes are responsible for the majority of the acoustic noise from the motor.
The torque in the SRM exerts moments on opposite pairs of stator teeth, tending to bend the teeth and deform the stator. Two of the vibration modes are characterized by such bending of the stator teeth, namely the third mode of Fig It has been shown [12] that the fundamental mode l a will be excited in the four-phase 816 motor at speeds where the vibration frequency is an odd harmonic of the phase drive frequency. The vibration of phase a poles is 180" out of phase from phase c poles, and the excitations are similarly out of phase at odd harmonics of the drive frequency. By the same token the vibration of the fundamental mode will tend to be suppressed at speeds where the fundamental freqeuncy is an even harmonic of the drive frequency.
A similar, albeit more complicated, heuristic argument may be invoked to show that the fourth-order cylindrical mode of Fig. l (d) will be excited when the mode frequency is at an alternate even harmonic of the drive frequency, e.g., at harmonic numbers 2, 6, 10, 14, 18, 22, etc. The fourth-order mode will tend to be suppressed at all other harmonics.
MEASURE^ VIBRATION OF SR MOTOR
A. Stationary Tests
A vibration measurement with the rotor stationary was conducted to determine the frequencies of the natural modes. One phase of the motor was excited with a short voltage pulse, causing a triangular pulse of current, similar to the tests described in [4] . The pulse duration was 5 ms, with a pulse repetition frequency of 30 Hz. This allowed ample time for the vibrations to die out between pulses. The rotor poles were fully aligned with the driven phase resulting in maximum radial force and zero torque. The stator was instrumented with accelerometers at two locations: one was directly behind the pole of the driven phase, while the other was behind the adjacent phase, 45' from the driven phase.
The output from the accelerometer behind the driven pole is shown in Fig. 2 , along with the phase voltage waveform. (Only the last 1 ms of the 2.5-ms duration positive voltage pulse is shown.) The phase current is rising while the voltage is positive, and falling while the voltage is negative. Fig. 2 shows that there is negligible vibration until the voltage is switched off, corresponding to the peak of the current waveform. This is consistent with the findings in [4] and [12] which showed that the greatest stator vibration was excited by turn-off of the current.
Two frequency components can clearly be seen in the waveform: the fundamental mode at about 1.6 kHz, with a higher frequency vibration of about 9 kJ3z superimposed. A detailed look at the frequency content of the accelerometer signal is shown in Fig. 3 . Here the sharp peak at 1.6 kHz corresponds to the fundamental mode of Fig. l(a) , while the peak at 8.7 kHz possibly corresponds to the fourth-order mode of Fig. l(d) . It can be noted that the mode of excitation used in this test will not excite the square mode of Fig. l(c) , as there is no moment (torque) exerted on the stator teeth. Additional energy is noted at 13 kHz, possibly corresponding to the hybrid mode of Fig. l(g) . The accelerometer at the adjacent pole produced the time waveform shown in Fig. 4 . This location is at a node of the fundamental mode, hence the waveform content at that frequency would be expected to be low. This is indeed the case, as can be seen in Fig. 4 , where the high frequency at about 9 kHz dominates. The frequency spectrum of this waveform is shown in Fig. 5 , which shows that the contribution of the fundamental mode is reduced 8 dB relative to the higher frequency modes.
It can also be noted that the resonant peak in the vicinity of 9 kHz is much broader, suggesting that the fourth-order mode of Fig. l(d) , and the mode of Fig. l(e) are both present. Additional energy is again noted at 13 kHz, suggesting the presence of the mode of Fig. l(g) .
It is noteworthy that the measured vibration mode frequencies are extremely close to the values predicted by the FEA. This confirms the essential accuracy and utility of the finite element method. Designers may use the structural FEA with confidence to predict natural modes of a particular design. Accelerometer response from stationary Dulse test. Accelerometer is Fig. 2 . behind driven pole.
B. Operating Noise
Measurement of stator vibration was canied out while the SRM was loaded by an absorbing dynamometer adjusted to provide approximately constant load torque over the speed range. The SR drive was run in single-pulse mode (no current chopping) with constant commutation angles. Speed was adjusted by manually adjusting the dc bus voltage. The resulting flat-topped current waveform was approximately the same, except for frequency, for all load points in the tests. Stator vibration was measured with an accelerometer placed on the stator OD behind one of the stator poles.
It was noted earlier that the fundamental mode is excited when the natural frequency is an odd hannonic of the phase frequency. Fig. 6 shows the phase current, accelerometer output, and the fast Fourier transform (FFT) of the accelerometer output for a speed of 5430 r/min. The "natural" SRM current waveform can be observed, with a peak value of approximately 5 A. The phase frequency is 543 Hz, and the high amplitude of vibration can be noted in the accelerometer output, shown in the middle trace of Fig. 6 . The FFT of the accelerometer output is shown in the lower trace in Fig. 6 , and clearly displays the dominant vibration at 1.6 kHz. It was observed by researchers in the laboratory that the noise of the SRM changed from a "growl" to a loud and clear whistle at about 1.6 kHz as the speed was adjusted to near 5400 r/min.
The vibration of the fundamental mode will be diminished when the natural frequency is an even harmonic of the phase frequency. Fig. 7 shows the experimental waveforms for operation at 3930 r/min. It can be noted that the phase current has the same shape and amplitude as in Fig. 6 . This is the result of adjusting speed by adjusting voltage while torque and commutation angles remain the same; hence the electromagnetic forces on the stator should be nearly the same in the two tests. The phase frequency is 393 Hz, and the amplitude of the accelerometer output is substantially reduced compared with that of Fig. 6 .
The FFT of the accelerometer output shows that the vibrations near 1.6 kHz are greatly diminished. It may also be noted that there is more energy content near 8.7 kHz, which may correspond to the fourlh-order mode of Fig. l(d) . It was noted above that the fourth-order mode will be excited when the mode frequency is one of the alternate even harmonics of the drive frequency; the 22nd harmonic of the 393-Hz phase frequency is 8646 Hz.
Researchers in the laboratory observed that the SRM was substantially quieter at 3930 dmin than at 5432 dmin, even though the output torque and phase current were nearly identical. The reduction in observed noise is clearly due to the reduced contribution from the fundamental mode. Younger members of the team claimed to hear the 8.7 kHz noise more clearly at the lower speeds.
Iv. &'PROXIMATE FORMULA FOR MODE FREQUENCY
An approximate formula for the frequency of the fundamental mode is derived by modeling the stator lamination stack as a uniform cylindrical shell and invoking energy conservation principles to deduce the frequency.
A. Potential Energy
Consider the deflection of a plain ring subject to a vertical load W. Roark and Young [14] give the change in vertical diameter as where R is the ring radius, E is the modulus of elasticity, and I is the polar moment of inertia. The product E . I , for a rectangular section of thickness t , length L, and Poisson ratio U , is given as
Substituting and reducing, using Y = 0.3, yields
The "spring constant" per unit length may be defined as
Finally, defining the radial deflection as A = Dv/2, one may express the potential energy per unit length as 2 t3 P.E. = __ -E . A2.
1.625 R3 
B. Kinetic Energy
Assume that the ring is deformed into an ellipse with radius (6)
R(6) = R + S ( t ) cos ( 2 6 ) S ( t ) = 6 sin ( w t ) . w = d R / d t = w S cos ( w t ) COS (28).
and that the time variation of the radius is given by
The local velocity of a point on the ring is The kinetic energy of the entire ring is
where p is the mass density. Integrating and manipulating the resulting expressions gives the peak kinetic energy per unit length as (10)
C. Natural Frequency
It is noted in Roark that the horizontal deflection DH of the ring is less than the vertical deflection Dv, and that D v = 1.08908, Taking S to be the average of the horizontal and vertical deflections yields S = A11.0445.
( 1 1) Finally, equating kinetic energy (10) with potential energy Accelerometer response from stationary pulse test. Accelerometer is A parametric study is employed to evaluate the formula (12) . A FEA of an SRM lamination is conducted in which the yoke thickness is varied while the stator OD is held fixed at 160 mm, and the bore diameter is 80 mm. The geometric mean yoke radius is used in computing the mode frequency. The results are tabulated in Table I , along with 
V. DESIGN CONSIDERATIONS
If all the methods for designing the SRM for low noise were known and could be analyzed by simple calculation, the design trade-offs would be easier to quantify, but this is sadly not the case. What follows is a partial account of some noise-reduction measures and a qualitative discussion of the trade-offs associated with them.
It is well known that the noise level of the SFW tends to increase with load. The obvious implication is that the noise level can be reduced by running the machine at light load, i.e., with lower flux densities and currents. The trade-off is a direct choice between adequate power density and low noise.
The stator yoke (back-iron) should be as thick as possible, with a large fillet radius at pole-root corners (where the pole joins the yoke); this radius is important on both stator and rotor. Clearly these measures decrease the available winding area in the stator slot, which tends to increase the current density and copper losses. Since most SRM's are copperloss-intensive, this trade-off is quite acute. A thicker yoke also increases the thermal diffusion distance for heat transfer from the windings to the outside frame. On the other hand, it decreases the flux density in the steel, which probably reduces both the core loss and the acoustic noise to a certain degree.
Notches and holes in the laminations are undesirable, since they may diminish the mechanical stiffness (unless carefully Operation at 5430 r/min. Upper Current, 2.5 A/div. Middle: Aclocated), and they may produce local concentrations in magnetic flux density with a slight increase in magnetic noise.
Because of the nature of the SRM, with deep cut-outs on both sides of the airgap, the shaft diameter tends to be proportionally smaller than in induction motors or brushless PM motors, so that any residual unbalanced radial forces (which are always pulsed) can easily produce deflection and noise. The bearings should be located as close as possible to the rotor stack, if necessary by designing the bearing housings to protrude under the end windings. This feature is used in other types of motor to help maintain good concentricity and minimize lateral deflection of the rotor. The SRM is particularly sensitive to runout (eccentricity of the rotor), and for this reason a stiff lbearing system is desirable, with tight tolerances on the airgap length and concentricity. It is questionable whether sleeve bearings can be used in SR motors without extremely careful dlesign. In punching it is important to ensure that the lamination are truly symmetric to avoid unbalanced radial forces. It is possible with some production methods to get angular errors in the pole locations: for example, two poles that are not exactly opposite. Punching drawings should always specify a tight tolerance on the angular dimensions of the poles.
Unbalanced radial forces can result from several other causes. Since they are pulsed and vary in repetition frequency, they do not need to be very large to excite mechanical resonances which produce deflections and acoustic noise.
Certain combinations of pole-number, phase-number, and coil winding polarity do not permit a completely balanced magnetic flux distribution: indeed one of these is the common 8/6 fourphase SRM. A simple test of the electrical and magnetic balance is to measure the coil resistances and self and mutual inductances.
The airgap length is another parameter that is subject to an acute trade-off. Relatively small increases of airgap length help to reduce the acoustic noise, but a large airgap rapidly depletes the all-important inductance ratio by reducing the aligned inductance. It also tends to reduce the "squareness" of the magnetization curves, which decreases the torque per ampere and increases the reactive circulating current; this in turn increases the size of the required power transistors and diodes and the dc filter capacitor.
The noise producing forces are proportional to current or to current squared. While there is no possibility of discontinuity in the current itself, step-changes are frequent in the rate of change of current d i l d t , and these are liable to excite resonances, as recognized by Wu and Pollack [3] . A small airgap produces a rapid change of inductance and contributes to a large change in daldt if there is significant current at the extremes of pole overlap. Ideally the second and all higher order derivatives of the current waveforms would be finite and small, since any of them can couple with mechanical eigenmodes, but this is not possible with the switchmode operation of power-electronic controls.
The controller should use voltage-pulsewidth modulation (PWM) with variable duty-cycle and a controlled chopping frequency, rather than a fixed-band current hysteresis regulation. This produces a marked reduction in noise level, without necessarily introducing any reduction in torque per rms ampere, although the torque ripple may increase slightly. The phase current should be regulated by chopping only one transistor, not both. This way, there is lower current ripple and the freewheel mode caused by this "soft chopping" creates only half the change in d i / d t as switching both transistors. It is even better to use a phase controlled rectifier or a single dc chopper, and only use the phase transistors for commutation and controlling the firing angles.
VI. CONCLUSIONS
Structural FEA has been used to compute the eigenmodes of the 4-phase SRM lamination. Measurement of vibration during impulse tests and during operation under load confirms the accuracy of the FEA calculations and demonstrates that structural FEA can be useful in studying the vibration modes of a specific lamination design. Heuristic arguments are presented to show what operating conditions excite the dominant eigenmodes. These conditions are confirmed by experiment.
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